We give a simple proof of the Curtis' theorem: if A • is k-connected free simplicial abelian group, then L n (A • ) is an k + ⌈log 2 n⌉-connected simplicial abelian group, where L n is the functor of n-th Lie power. In the proof we do not use Curtis' decomposition of Lie powers. Instead of this we use the Chevalley-Eilenberg complex for the free Lie algebra.
Introduction
In [3] for any simply connected space X Curtis constructed a spectral sequence that converges to the homotopy groups π * (X). It was described in the language of simplicial groups. This spectral sequence was an early version of the unstable Adams spectral sequence. Recall that a simplicial group G • is called n-connected if π i (G • ) = 0 for i ≤ n. For a group G we denote by γ n (G) the n-th term of its lower central series. In order to prove the convergence of this spectral sequence, Curtis proved a theorem that can be reformulated as follows.
Theorem ([3, Th. 1.4] ). If G • is a k-connected free simplicial group, then the simplicial group γ n (G • ) is k + ⌈log 2 n⌉-connected.
He gave a tricky proof of this theorem. Later Quillen found [5] a simpler way to prove a similar result for mod-p lower central series. This result was enough to prove the convergence of a mod-p analogue of the Curtis' spectral sequence which is closer to the modern unstable Adams spectral sequence. Quillen reduced his theorem to an earlier result of Curtis for Lie powers L n which can be reformulated as follows.
Theorem ( [2] ). If A • is a k-connected free simplicial abelian group, then the simplicial abelian group L n (A • ) is k + ⌈log 2 n⌉-connected.
The Curtis' proof of this theorem is quite complicated and takes up most of the paper (see [2, §4 - §7]). He used so-called "decomposition of Lie powers" into smaller functors. The decomposition is a kind of filtration on the functor L n (see [2, §4] ). The goal of this paper is to give a simpler proof of this statement without the decomposition. Instead of this we use the Chevalley-Eilenberg complex for the free Lie algebra. We also generalize the statement to the case of modules over arbitrary commutative ring.
Assume that g is a Lie algebra which is free as a module over the ground ring. By the Chevalley-Eilenberg complex of g we mean the chain complex whose components are exterior powers Λ i g and whose homology is homology of the Lie algebra with trivial coefficients H * (g). We consider the free Lie algebra as a functor from the category of free modules to the category of Lie algebras. The free Lie algebra has a natural grading whose components are Lie powers L * (A) = ⊕ n≥1 L n (A). The grading on the free Lie algebra induces a grading on the Chevalley-Eilenberg complex whose components give exact sequences of functors on the category of free modules:
where Λ ks L s denotes the composition of the functors. We use these complexes for induction in the proof of the main result.
Graded Chevalley-Eilenberg complex
Throughout the paper K denotes a commutative ring. All algebras, modules, simplicial modules, tensor products and exterior powers are assumed to be over K.
Let g be a Lie algebra which is free as a module. If we tensor the Chevalley-Eilenberg resolution
we call the Chevalley-Eilenberg complex. Its components are exterior powers of the Lie algebra C i (g) = Λ i g and the differential is given by the formula
The homology of this complex is isomorphic to the homology of the Lie algebra g with trivial coefficients
Let g be a graded Lie algebra g = ⊕ n≥1 g n . By a graded Lie algebra we mean a usual Lie algebra (not a Lie superalgebra) g together with a decomposition into direct sum of modules g = ⊕ n≥1 g n such that [g n , g m ] ⊆ g n+m for all n, m ≥ 1. The degree of a homogeneous element x ∈ g n is denoted by x = n.
For n ≥ 1 we consider a submodule C (n)
It is easy to see that d(C
, and hence we obtain a subcomplex C (n)
Proposition 2.1. Let g = ⊕ n≥1 g n be a graded Lie algebra, where g n is free as module for each n.
Then the Chevalley-Eilenberg complex C • (g) has a natural grading
and there is a natural isomorphism
Here the sum runs over the set of ordered n-tuples of non-negative integers (k 1 , . . . , k n ) such that
Proof. For any modules A, B there is an isomorphism Λ i (A⊕B) ≅ ⊕ k+l=i Λ k (A)⊗Λ l (B). By induction we obtain the isomorphism
Using the fact that the exterior power commutes with direct limits, we obtain the isomorphism for any infinite sequence of modules A 1 , A 2 , . . .
Here we consider only sequences of non-negative integers k 1 , k 2 , . . . where there only finitely many non-zero elements, and hence, each summand in the sum is a finite tensor product. Take A n = g n . If we have an element x 1 ∧ ⋅ ⋅ ⋅ ∧ x i with homogeneous x s ∈ g from the K-submodule corresponding to a summand Λ k 1 g 1 ⊗ Λ k 2 g 2 ⊗ . . . , then x 1 + ⋅ ⋅ ⋅ + x n = k 1 ⋅ 1 + k 2 ⋅ 2 + . . . . The assertion follows.
Let A be a free module. We denote by L * (A) the free Lie algebra generated by A. For any basis (a s ) of A, L * (A) is isomorphic to the free Lie algebra generated by the family (a s ). The Lie algebra L * (A) is free as a module (see [7] , [6, Cor. 0.10]). Its enveloping algebra is the tensor algebra T * (A). The map L * (A) → T * (A) is injective [6, Cor. 0.3]. Hence, L * (A) can be described in terms of tensor algebra. Consider the tensor algebra T * (A) as a Lie algebra with respect to the commutator. Then L * (A) can be described as the Lie subalgebra of T * (A) generated by A.
The Lie algebra L * (A) has a natural grading
where L n (A) is generated by n-fold commutators. Equivalently L n (A) can be described using the embedding into the tensor algebra as L n (A) = L(A) ∩ T n (A). The homology of the free Lie algebra can be described as follows
For simplicity we set
• (L * (A)). All these constructions are natural by A. Denote by Λ n and L n the functors from the category of free modules to the category of modules Λ n , L n ∶ FMod(K) → Mod(K). 
Moreover, we treat C
where Λ ks L s denotes the composition of functors. Here the sum runs over the set of ordered n-tuples of non-negative integers (k 1 , . . . , k n ) such that k 1 + ⋅ ⋅ ⋅ + k n = i and k 1 ⋅ 1 + k 2 ⋅ 2 + ⋅ ⋅ ⋅ + k n ⋅ n = n. Remark 2.3. Note that C (n) i = 0 for i ∉ {1, . . . , n}, and that there are isomorphisms C (n) n = Λ n and C (n) 1 = L n . In other words C (n) • is an exact sequence that connects Λ n and L n .
Connectivity of functors
For n ≥ 0 we say that a simplicial module A • is n-connected, if π i (A • ) = 0 for i ≤ n.
Lemma 3.1. Let A • be an n-connected simplicial module and B • be an m-connected free simplicial module. Then
This gives the following variant of the Künneth spectral sequence:
If s + t ≤ n + m + 1, then either s < n + 1 or t < m + 1. Hence E 2 pq = 0 for p + q ≤ n + m + 1. Therefore,
A functor from the category of modules to itself
is said to be n-connected if for any k ≥ 0 and any k-connected free simplicial module A • the simplicial module F (A • ) is k + n-connected. Lemma 3.2. Let F ∶ Mod(K) → Mod(K) be an n-connected functor and G ∶ Mod(K) → Mod(K) be m-connected functor. Assume that G sends free modules to free modules. Then the composition F G is n + m-connected and the tensor product F ⊗ G is n + m + 1-connected.
Proof. The fact about the composition is obvious. The fact about the tensor product follows from Lemma 3.1.
Proof. The proof is by induction. For n = 0 this is obvious. Assume that n ≥ 1 and that the statement holds for smaller numbers. Set H ∶= Ker(F 0 → G). Then by the induction hypothesis H is n − 1-connected. The long exact sequence Any 0-connected free simplicial module A • is homotopy equivelent to a simplicial module of the form B • [1] , where B • is also a free simplicial module (it follows from the same fact for non-negatively graded chain complexes). Moreover, if A • is k-connected, we can chose B • so that B i = 0 for i ≤ k − 1. Hence π i (Λ n (A • )) = π i (Λ n (B • [1])) = π i−n (Γ n (B • )) = 0 for i ≤ k + n − 1. Proof. It is easy to prove by induction that ∏ m s=1 2 us v s ⩾ 2 ∑ m s=1 u s v s . If we apply logarithms, we obtain the required statement.
Theorem 3.6. The functor of Lie power L n is ⌈log 2 n⌉-connected.
Proof. The proof is by induction. For n = 1 we have L 1 = Id and this is obvious. Assume that n ≥ 2 and that the statement holds for all smaller numbers. Consider the acyclic chain complex C (n) • (Corollary 2.2). Using Lemma 3.3 we obtain that it is enough to check that the functor
is ⌈log 2 n⌉-connected for i ≥ 2. It is enough to prove this for each summand.
Fix an n-tuple of (k 1 , . . . , k n ) such that k 1 + ⋅ ⋅ ⋅ + k n = i ≥ 2 and k 1 ⋅ 1 + k 2 ⋅ 2 + ⋅ ⋅ ⋅ + k n ⋅ n = n. Note that i ≥ 2 implies k n = 0. Some of the numbers k j equal to zero. Denote by j 1 , . . . , j m the indexes corresponding to non-zero numbers k js ≠ 0. By Lemma 3.2 the functor Λ k j L j is k j − 1 + ⌈log 2 j⌉connected for j < n. Then again by Lemma 3.2 the tensor product Λ k 1 L 1 ⊗ Λ k 2 L 2 ⊗ ⋅ ⋅ ⋅ ⊗ Λ kn L n is ∑ The assertion follows.
